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Abstract
The present study is to investigate the inﬂuence of the variable properties and double dispersion on mixed convection ﬂow over a
vertical plate embedded in a power-law ﬂuid saturated porous medium. The variable viscosity is assumed to vary as a inverse linear
function of temperature and thermal conductivity as a linear function of temperature. Similarity transformations of the governing
partial diﬀerential equations are obtained using Lie scaling group transformations. These similarity equations are solved numer-
ically by using the Shooting technique. The numerical results for the non dimensional velocity, temperature and concentration
are displayed graphically for diﬀerent values of variable viscosity, thermal conductivity, thermal dispersion and solutal dispersion.
Local heat and mass transfer are shown in a tabular form. The present results are compared with previously published work and
are found to be in good agreement.
c© 2015 The Authors. Published by Elsevier Ltd.
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1. Introduction
In recent years, the study of laminar boundary layer ﬂow, heat and mass transfer in non-Newtonian power-law
ﬂuid model in porous media has received a lot of attention. Non-Newtonian ﬂuids exhibit a non-linear relationship
between shear stress and shear rate. Many materials such as pastes, slurries, gels, clay coating, intrauterine, drilling
mud, polymer metals, etc., are examples of non-Newtonian ﬂuids. The power-law ﬂuid is in engineering, indus-
trial and technological applications such as metal extrusion, lubrication, continuous casting, etc. Many engineering
applications involve the study of non-Newtonian ﬂuids. Several investigators have extended the convection of heat
and mass transfer problems to ﬂuids exhibiting non-Newtonian rheology. An illustrative example of non-Newtonian
power-law ﬂuid ﬂow in porous medium can be found in geothermal and oil reservoir engineering in connection with
the production of heavy crude oils. Chamkha and Al-Humoud [1] presented the mixed convection for a non-Newtonian
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power-law ﬂuid from a permeable vertical plate embedded in a ﬂuid saturated porous medium with heat generation
or absorption eﬀects. Mukhopadhyay and Mandal [2] studied the eﬀects of velocity slip and thermal slip on mag-
netohydrodynamic boundary layer mixed convection ﬂow heat transfer over a vertical porous plate in the presence
of suction/blowing. The double dispersion has engineering applications such as sensible heat storage beds, ceramic
processing, oil reservoir and petroleum recovery, etc. The thermal and solutal dispersion eﬀects become more im-
portant when the inertial eﬀects are prevalent. Kairi [3] studied the eﬀect of thermal and solutal dispersion on mixed
convection heat and mass transfer in vertical surface embedded in a porous medium. Narayana and Sibanda [4] stud-
ied the eﬀect of Soret and double dispersion on MHD mixed convection along a vertical ﬂat plate in a ﬂuid saturated
in non-Darcy porous medium. Srinivasacharya et al. [5] investigated the magnetic and double dispersion eﬀects on
natural convection heat and mass transfer from a vertical plate in non-Darcy porous media saturated with power-law
ﬂuid. Kameswaran and Sibanda [6] presented the thermal dispersion on a non-Newtonian power-law nanoﬂuid over
an impermeable vertical plate in porous medium. Aﬁfy and Elgazery [7] analyzed similarity solution for the mixed
convective heat and mass transfer ﬂow over a vertical surface embedded in a porous medium with double dispersion,
radiation and melting eﬀects.
The analysis of convection through porous media with variable viscosity and thermal conductivity are important
in several engineering applications such as glass ﬁber, drawing of plastic ﬁlms, study of spilling pollutant crude oil
over the surface of the seawater, cooling of nuclear reactors, food processing, petroleum reservoir operations, casting
and welding in manufacturing processes, etc. Several researchers have considered the eﬀect of variable properties in
mixed convection ﬂows. Elaiw et al. [8] studied the vortex instability of non-Darcy mixed convection boundary layer
ﬂow on a non isothermal horizontal plat surface in a saturated porous medium with the eﬀect of variable viscosity.
Umavathi and Shekar [9] studied the combined eﬀects of viscous dissipation, temperature dependent viscosity and
thermal conductivity on the free convection ﬂow of a viscous ﬂuid in a vertical channel.
In this paper, we investigated the eﬀects of variable viscosity, variable thermal conductivity, thermal dispersion and
solutal dispersion on the two dimensional steady mixed convection heat and mass transfer ﬂow in a power-law ﬂuid
saturated porous medium. Similarity equations are derived by using the Lie scaling group transformations.
2. Mathematical Formulation
Consider a steady, laminar, viscous incompressible, mixed convection heat and mass transfer boundary layer ﬂow
over the vertical plate in a non-Newtonian power-law ﬂuid saturated Darcy porous medium. Choose the two dimen-
sional coordinate system such that the x¯-axis is along the vertical plate and y¯-axis normal to the plate. The wall is
maintained at constant temperature and concentration Tw and Cw respectively, and these values are assumed to be
greater than the ambient temperature and concentration T∞ and C∞ respectively.
By Boussinesq approximation and boundary layer approximation, the governing equations, namely, the equations
of continuity, momentum, energy and concentration for the non-Newtonian power-law ﬂuid are given by
∂u¯
∂x¯
+
∂v¯
∂y¯
= 0 (1)
nu¯n−1
∂u¯
∂y¯
=
∂
∂y¯
[
gKρ∞
μ
(βT (T − T∞) + βC(C −C∞))
]
(2)
u¯
∂T
∂x¯
+ v¯
∂T
∂y¯
=
∂
∂y¯
[
(α + γdu¯)
∂T
∂y¯
]
(3)
u¯
∂C
∂x¯
+ v¯
∂C
∂y¯
=
∂
∂y¯
[
(D + ζdu¯)
∂C
∂y¯
]
(4)
where x¯ and y¯ are the cartesian coordinates, u¯ and v¯ are the velocity components in x¯ and y¯ directions respectively,
T is the temperature, C is the concentration, βT and βC are the thermal and concentration expansion coeﬃcients
respectively, ν is the kinematic viscosity of the ﬂuid, K is the permeability, KT is the thermal diﬀusion ratio, α is
the thermal conductivity, D is the molecular diﬀusivities, γ is the mechanical thermal dispersion, ζ is the mechanical
solutal dispersion and d is the pore diameter, n is the index in the power-law variation of viscosity, n < 1 for the
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pseudo-plastic ﬂuids (shear-thinning ﬂuid), n > 1 for the dilatant ﬂuids (shear-thickening ﬂuids) and n = 1 for the
Newtonian ﬂuids.
The boundary conditions are
v¯ = 0, T = Tw, C = Cw at y = 0 and u¯ = u∞, T = T∞, C = C∞ as y→ ∞ (5)
The ﬂuid properties are assumed to be isotropic and constant except ﬂuid viscosity and thermal conductivity. The
viscosity μ of the ﬂuid is assumed to be an inverse linear function of temperature and it can be expressed as (see Lai
[10])
1
μ
=
1
μ∞
[1 + δ(T − T∞)] or 1
μ
= a(T − Te) (6)
where a = δ
μ∞ , Te−T∞ = − 1δ , μ∞ is the coeﬃcient of the viscosity far away from the plate and both a, T∞ are constants
and their values depend on the reference state and the thermal property of the ﬂuid, i.e δ in general a > 0 for liquids
and a < 0 for gases.
The variable thermal conductivity can be written in the non-dimensional form (see Slattery [11]) as
α = α0(1 + βθ) (7)
where β = E(Tw − T∞) is the thermal conductivity parameter. E is a constant depending on the nature of the ﬂuid.
Introducing the stream function u = ∂ψ
∂y , v = − ∂ψ∂x the following dimensionless variables
x =
x¯
L
, y =
y¯
L
Pe
1
2 , u =
u¯L
α0Pe
, v =
v¯L
α0Pe
1
2
θ(η) =
T − T∞
Tw − T∞ , φ(η) =
C −C∞
Cw −C∞ (8)
into Eq.(2)-(4), we get the following transformed momentum, energy and concentration equations:
Δ1 = n
(
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∂y
)n−1
.
∂2ψ
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[
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] ∂θ
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[
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∂φ
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] [
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]
= 0 (9)
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∂θ
∂x
− ∂ψ
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∂θ
∂y
− β
(
∂θ
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2θ
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− Peγ
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∂2θ
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∂2ψ
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= 0 (10)
Δ3 =
∂ψ
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∂φ
∂x
− ∂ψ
∂x
∂φ
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− 1
Le
∂2φ
∂y2
− Peζ
[
∂ψ
∂y
∂2φ
∂y2
+
∂2ψ
∂y2
∂φ
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= 0 (11)
The corresponding boundary conditions Eq. (5) now becomes
∂ψ
∂x
= 0, θ = 1, φ = 1 at y = 0 and
∂ψ
∂y
= 1, θ = 0, φ = 0 at y→ ∞ (12)
Where Pe =
U∞L
α0
is the Peclet number. B =
βc(Cw −C∞)
βT (Tw − T∞) is the Buoyancy ratio, Le =
α0
D
is the Lewis number,
Ra =
L
α0
[
KgβT (Tw − T∞)
ν
]1/n
is the generalized Rayleigh number, θe =
Te − T∞
Tw − T∞ is the variable viscosity. Peγ =
γU∞d
α0
is the thermal dispersion parameter. Peζ =
ζU∞d
α0
is the solutal parameter. λn =
(Ra
Pe
)
is the mixed convection
parameter.
2.1. Application of scaling group of transformation
Finding the similarity solutions of Eqs. (9)- (11) is equivalent to determining the invariant solutions of these
equations under a particular continuous one parameter group (see Seddeek [12]) one of the methods is to search for a
transformation group from the elementary set of one parameter scaling transformation, deﬁned by the following group
(Γ)
Γ : x∗ = xeεα1 , y∗ = yeεα2 , ψ∗ = ψeεα3 , θ∗ = θeεα4 , φ∗ = φeεα5 (13)
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Here ε  0 is the parameter of the group and α’s are arbitrary real numbers whose interrelationship will be de-
termined by our analysis. Transformation in Eq.(13) may be treated as a point transformation, transforming the
coordinates (x, y, ψ, θ, φ) = (x∗, y∗, ψ∗, θ∗, φ∗).
Using the transformations Eq.(13) in Eqs. (9) - (11) and the property that group transformations Eq. (13) keeps the
system invariant, we get the values of the parameters as α1 = 2α3, α2 = α3, α4 = α5 = 0.
The set of transformation Γ reduces to
x∗ = xe2εα3 , y∗ = yeεα3 , ψ∗ = ψeεα3 , θ∗ = θ, φ∗ = φ. (14)
Expanding by the Taylor series in power of ε, keeping the term up to the ﬁrst degree (neglecting higher power of
ε), we get
x∗ − x = 2εα3x, y∗ − y = εα3y, ψ∗ − ψ = εα3ψ, θ∗ = θ, φ∗ = φ. (15)
The characteristic equations are
dx
2α3x
=
dy
α3y
=
dψ
α3ψ
=
dθ
0
=
dφ
0
(16)
Solving the above characteristic equation, we have following similarity transformations:
η = yx−1/2 ψ = x1/2 f (η), θ = θ(η), φ = φ(η) (17)
On the use of Eq. (17) in Eqs.(9)-(11), we get the following similarity equations:
n( f ′)n−1 f ′′ = −λn (θ + Bφ) θ
′
θe
+ λn
(
θ′ + Bφ′
) (
1 − θ
θe
)
(18)
β(θ′)2 + (1 + βθ) θ′′ + Peγ
(
f ′θ′′ + f ′′θ′
)
+
1
2
f θ′ = 0 (19)
1
Le
φ′′ + Peζ
(
f ′φ′′ + f ′′φ′
)
+
1
2
fφ′ = 0 (20)
The transformed boundary conditions Eq.(12) becomes
f (0) = 0, θ(0) = 1, φ(0) = 1, f ′(∞) = 1, θ(∞) = 0, φ(∞) = 0. (21)
2.2. Heat and Mass transfer coeﬃcients
The non dimensional heat and mass transfer coeﬃcients in terms of local Nusselt number Nu and the local Sher-
wood number S h are respectively given by:
qw = −ke
[
∂T
∂y¯
]
y¯=0
= −(k + kd)
[
∂T
∂y¯
]
y¯=0
and qm = −De
[
∂C
∂y¯
]
y¯=0
= −(D + Dd)
[
∂C
∂y¯
]
y¯=0
(22)
The local Nusselt number is deﬁned as: Nux =
qwx
k(Tw − T∞) and local Sherwood number S hx =
qmx
D(Cw −C∞) are
given by
Nux
Pe1/2
= −
[
1 + Peγ f ′(0)
]
θ′(0) and
S hx
Pe1/2
= −
[
1 + Peζ f ′(0)
]
φ′(0) (23)
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3. Results and Discussions
The set of ordinary diﬀerential Eqs.(18)-(20) subject to the boundary conditions (21) have been solved numerically
using the Runge-Kutta fourth order with shooting technique by giving proper guess values for f ′(0), θ(0) and φ(0)
respectively. In the present study, the boundary condition for η at∞ are replaced by suﬃciently large value of η, where
the velocity f ′(0), temperature θ(0) and concentration φ(0) approach zero. We have discussed the eﬀect of variable
viscosity θe, thermal conductivity β, thermal dispersion Peγ and solutal dispersion Peζ parameters.
Table.1 shows the comparison of the results of the values of λ of the present problem for diﬀerent values of n and
ﬁxed values of Peγ = 0, Peζ = 0, B = 0, Le = 1, θe → ∞, β = 0 with the results obtained by Chaoyang et al. [13]. It
is shown that these results are in excellent agreement.
Table 1: Comparison of local Nusselt number for Peγ = 0, Peζ = 0, B = 0, Le = 1, θe → ∞, β = 0
n = 0.5 n = 1.5
λ Chaoyang et al. [13] present results Chaoyang et al. [13] present results
0.0 0.5641 0.564190 0.5641 0.564190
0.5 0.8209 0.821704 0.6034 0.60339
1.0 0.9303 0.929635 0.6634 0.663375
Figure 1 represents the non dimensional velocity f ′(η), temperature θ(η) and concentration φ(η) proﬁles for dif-
ferent values of the variable viscosity (θe) and power-law index n for n=0.6 (pseudo-plastic ﬂuid), n=1.0 (Newtonian
ﬂuid) and n=1.5 (dilatant ﬂuid). Figure (1a) shows that increase in the value of variable viscosity tends to increase
the momentum boundary layer thickness near the plate and deprecation far away from the plate. While Figure (1b)
depicts that the non dimensional temperature θ(η) of the ﬂuid in the medium is decreases with increase in the value
of the variable viscosity. The concentration φ(η) proﬁle for diﬀerent values of variable viscosity are given by Figure
(1c), which shows that the concentration slightly decreases with increase in the variable viscosity.
The behavior of the non dimensional velocity f ′(η), temperature θ(η) and concentration φ(η) proﬁles according to
the variation of the thermal conductivity (β) and power-law index n is plotted in Figure 2. It is interesting to note that
the increase in the thermal conductivity (β) substantially decreases the velocity f ′(η) near the plate and increases far
away from the plate as show in Figure (2a). It is observed from Figure (2b) that increasing the thermal conductivity
tends to enhance the thermal boundary layer. This is attributed to the fact that the non-linear drag is more pronounced
when the velocity is larger. Moreover, Figure (2c) shows that concentration boundary layer strongly decreases with
increasing the thermal conductivity.
Figure 3 displays the eﬀect of thermal dispersion and the power-law index n for ﬁxed values of the parameters on
the non dimensional velocity f ′(η), temperature θ(η) and concentration φ(η) proﬁles respectively. Figure (3a) shows
that enhancing the thermal dispersion increases the non dimensional velocity f ′(η). Figure (3b) shows that increas-
ing values of thermal dispersion, increases the non dimensional temperature θ(η). i.e thermal dispersion enhances
the transport of heat along the normal direction to the wall as compared with the case where dispersion is neglected
(i.e.,Peγ = 0). Figure (3c) displays that concentration boundary layer φ(η) reduces with increasing the value of thermal
dispersion.
Figure 4 presents the non dimensional velocity f ′(η), temperature θ(η) and concentration φ(η) proﬁles for diﬀerent
values of power-law ﬂuid index n and solutal dispersion. It is observed from the Figure (4a) that non dimensional
velocity f ′(η) proﬁle increases with an increase in the solutal dispersion. Also an increase in the value of the solutal
dispersion slightly decreases the thermal boundary layer thickness as shown in Figure (4b). Figure (4c) depicts that
the concentration φ(η) proﬁle continuously increases with increasing the value of solutal dispersion. Hence the con-
centration boundary layer thickness enhances with an enhance in the solutal dispersion parameter.
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Table 2: Variation of Heat and Mass Transfer Coeﬃcients for Varying Values of n, θe, β, Peγ, Peζ and λ.
n θe β Peγ Peζ λ −
[
1 + Peγ f ′(0)
]
θ′(0) −
[
1 + Peζ f ′(0)
]
φ′(0)
0.6 2.0 0.5 0.5 0.5 1.0 0.486825 0.551171
1.0 2.0 0.5 0.5 0.5 1.0 0.448707 0.523213
1.5 2.0 0.5 0.5 0.5 1.0 0.426952 0.504808
0.6 1.5 0.5 0.5 0.5 1.0 0.498329 0.576219
0.6 2.0 0.5 0.5 0.5 1.0 0.486825 0.551171
0.6 2.5 0.5 0.5 0.5 1.0 0.480030 0.537673
0.6 2.0 0.0 0.5 0.5 1.0 0.550143 0.550143
0.6 2.0 1.0 0.5 0.5 1.0 0.439824 0.552078
0.6 2.0 1.5 0.5 0.5 1.0 0.403332 0.552873
0.6 2.0 0.5 0.0 0.5 1.0 0.731247 0.542309
0.6 2.0 0.5 1.0 0.5 1.0 0.380226 0.554467
0.6 2.0 0.5 1.5 0.5 1.0 0.318587 0.556057
0.6 2.0 0.5 0.5 0.0 1.0 0.453391 0.930892
0.6 2.0 0.5 0.5 1.0 1.0 0.504292 0.425202
0.6 2.0 0.5 0.5 1.5 1.0 0.515382 0.357005
0.6 2.0 0.5 0.5 0.5 0.0 0.470829 0.520391
0.6 2.0 0.5 0.5 0.5 0.5 0.481244 0.539973
0.6 2.0 0.5 0.5 0.5 1.5 0.491378 0.560776
Table 2 describes the rate of heat and mass transfer for diﬀerent values of power law index n, variable viscosity
θe, thermal conductivity β, thermal dispersion Peγ and solutal dispersion Peγ parameters for ﬁxed values of B = 1.0
and Le = 1.0. It is observed that increasing the value of power-law index n decreases the heat and mass transfer. It is
noticed that enhancing the variable viscosity decreases both the heat and mass transfer coeﬃcient. It can be seen that
the increase in the value of thermal conductivity and thermal dispersion parameters decreases the heat transfer, but a
reverse trend is observed in the case of mass transfer. An enhancement in the value of solutal dispersion parameter
increases in case of heat transfer, but decreases the mass transfer. It can be observed that increase in the value of
mixed convection parameter increases the both heat and mass transfer.
4. Conclusion
Lie scaling group transformations are applied to ﬁnd the similarity solutions of mixed convection ﬂow over a
permeable vertical plate in a Darcy power-law ﬂuid saturated porous medium to study the eﬀect of variable viscosity,
thermal conductivity, double dispersion. The results obtained from our analysis are as follows:
• Enhancement in the value of variable viscosity increases the velocity near the plate and slightly decreases far
away from the plate and decreases in temperature and concentration proﬁles.
• An increase in the value of thermal conductivity, decreases the concentration and increases the velocity and
temperature proﬁles.
• The higher values of the thermal dispersion parameter, result in higher velocity and temperature distributions
but lower concentration distribution.
• Velocity and concentration distributions increases with increase in solutal dispersion parameter while we noticed
that opposite results are reported for temperature proﬁle.
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Fig. 1: (a) velocity proﬁle (b)temperature proﬁle and (c) the concentration proﬁle for various value of variable viscosity (θe).
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Fig. 2: (a) velocity proﬁle (b)temperature proﬁle and (c) the concentration proﬁle for various value of thermal conductivity (β).
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Fig. 3: (a) velocity proﬁle (b)temperature proﬁle and (c) the concentration proﬁle for various value of thermal dispersion(Peγ).
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Fig. 4: (a) velocity proﬁle (b)temperature proﬁle and (c) the concentration proﬁle for various value of solutal dispersion(Peζ ).
